
Math 564: Advance Analysis 1
Lecture 11

Borel Komorphism Theorem
. Any two norfbl Polish spaces are Borel isomorphic .

In particular , they are all of cardinality continuum and Bael isomorphic
to the Canbor space

2"V
.

Det
.
A standard Bonel space is a measurable space /X

,
B)

,
where

B is te realy of Bowl sets for come Polish hop . On X
.

In other words
, a standard Bond space is a Polish space

where we forgot the topology but kept the Bonel sets
.

The Boel isom
.
Heaven says Ht Here is only one

, up
to isomorphism,

ructll standard Boal space .

Bet

.A standard P babilitso t e
.

" ch patte,) ,
were

a Bonel prob .

measure on ifl
-

Prop .
For a

229 othl Hauscherff top space
X (e

. g .

a separable metric
Borel

space ,
for angwprobability measure & or X

,
te atoms of

Mwe singletons .

Proof
,
Just Konig's Lana + pigeons .

HW
.

Cor
.

Let (X
,
M) bo as in the above proposition , then M = M'+2and

Any
we \xn : n GIN3 = X

,
an = O

,
und M is atowelem

.

n EIN

Proof
.
Since atoms are disjoint singletons ,

Here are only atbly manyof Rem By te pro-measure extraction lemaal , so we



can remove them from a to obtain

Measure isomorphism theorem
. Aus two utowlem standard pool ·

spaces are measure-isomorphic .

In fact
,
there is a genuinel

Bowl isomorphism between them that is a measure -isomorphism .

In particular
,
all such spaces are isomorphic to (90, 13

,
xl

.

We now give ideas of proofs of eat of these Korens
.

Bonel isom
, proof-statch . We fix an until Polish space X

and show

that it is Bonel ison .

to 2
.

We do so by proving
Benel

(a) X < 2
:

313) >Ne X .

e
means a Bovel embedding .

This is enagh by the proof of Schrock - Bernstein Kerem
boase te latter only uses images and preimages of Bonel

it under te given Bonel embeddings .

Proof of (a) .

We build a "binary representation" map
for X as follows

.

Fix a cfbl open
basis (Yn) neN for the topology ·

Define b : x + > by x + (A) neg ·
Since X is Hauschofff

,

b is injective . Preinage of a cylinder is a fin intersection of sets of

De bru - Or Un
,

so b is Boral
. By the Luzin-Couslin the

from Descriptive Let Brong ,
b is a Bol embedding .

Propf of (b . By Melator-BendisMeetE it de "



pointal and U is coll open set. Cantor's Perfect Set Roem

says tit 2 housomorphically embeds into every w effect
Polish space ,

so if X is unctel
,

P is menempty perfect
Polich

, so 2Nc X
,
i. e . topologically embods into X

,

eregatomlessMeasure : sor · proof-sketch .
We pove

Mitfor standard rob space
IX

, M) ,
here is a Borel ison wil IC0

,
13

,

x) that is

also a measure isomorphism . Because IX
,
M) has no atoms

which are singletons) ,
X has to be wrotbl

.
There is

a Bol ispn . A : X + 10, 1 .

Then = fac is an stomer
Beel prob. measure or 10

,
17

.

In other words
,

we have assumed

from te beginning that X= 90
, 17 al oh is a Bonel recsme

on O
,
R

,

By a HW question , Mal X on [0
,
17 are measure-iso-

morphic ,
al building a Borel isomorphism withening this

is done via the Boe isomorphism theorem
,
which helps

sweeping a wall outs under te ray ,

Integration .
Let (X

,
3) be a measurable space .

Remote by LIX,3) and ((x, 3)
the sets of 3-measurable functions to -0, %] and b 10

, %] , respectively .

The P-8 creation
.

In the measure-theoretic intext
,
0 . 0 is 0

.

Note It = /X
,
5) is closed under nor-negative linear combinations and

multiplication .

An integral /on t is a nonnegative linear

functional on It that is otbl-additive
,
i .

e
.

(i) Ja . f+b .g) =

a . )f+ b · bg for all

(ii) (12-8 ,
in particular , if fag"**figet .



(iii) Ste : Ei Stu for all fac .

Obs ·
Each integral I On "defines a measure on (X

,
5) byS

A r J 1A
,

for each AC5
,
where #A is the indicator faction of A

.

Dur
yo
al is he reverse this :

given a measured on
X

,
we build

an integral do i.t
. Mr =.

The general real valued function will be handled afterwards by
the ealization NA any such function : X-IR splits into a

difference - - of nornegative functions
,
called its positive

und negative parts ,
defined by f+ :

= f(f" (0
, 2)

and f : = - f) f-

(10
, 03)Note AA fea fe have disjoint

supportu (i
.

e . they are nonzero on disjoint setl ·

liven M
,

we first dece the integral) or the so-called

simple funtious ,
and then we whor Ret every func .

in It is

approximated from below by simple functions
,

so we extend S
to It ,

Simple functions
.

A simple function f : Xt I is just a linear

combination of indication functions of measurable sets

Heave they are measurable)
.

ob! After" implit is basi engage



=
. Suppose f(X) = 300

... ,
ann Ren +- R: AA: , where

Ai== f "(ai) .

This is called the

standard representation of fo

Note A single funtions form
an B-algebra ,

i
.

e
.

it is an IR-ves

for space closed under multiplication (indeed
, fig in simple

if f are because 11 = AAB) ·


